Abstract

In bio-membranes, the minimum of the elastic bending energy determines the
equilibrium shape. We can formulate the energy using a phase-field function and
optimize 1t using the standard gradient flow approach. In simulations, we 1mpose
surface area and volume constraints to force membranes to take on various shapes.
Most previous works 1gnore the Gaussian curvature from the elastic bending
energy, which allows the numerical simulations to automatically handle
topological changes to the configurations of vesicle membranes. Our research
recognizes that in some events (such as in the simulation of blood cells), 1t might
be mmportant to preserve the topological information. In this study, we add a
topological constraint to the other constraints imposed on membranes and calculate
the equilibrium shapes.

Formulation of the energy and the constraints
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domain (), to track the surface of the membrane. The level set {x: ¢(x) = 0} is the

membrane, {x: ¢(x) > 0} is inside of the membrane and {x: ¢(x) < 0} is outside
of the membrane.

We use a phase-field function, ¢(x) = tanh( ), defined on a computational

The elastic bending energy is given by
E, = fal + a,(H — ¢y)? + asG ds,
r

H = mean curvature of the surface
G = Gaussian curvature of the surface
Cop = Spontaneous curvature

where: a; = surface tension
a, = bending rigidity
a; = stretching rigidity

We simplify the energy Ej to
E = f H* ds.
I

Now, using the phase-field function ¢ (x), the energy E 1s
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We optimize the energy using the standard gradient flow approach,
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with f(¢) = Ap — 5 (@° = ).
Constraints

1. Volume:
The 1nside volume of the membrane 1s

1
V($) = fﬂ5<¢+1> dx.

In 2D, V(¢ ) = the area of the membrane.

2. Surface area:

A(P) =

1
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(0% + 1) dx.
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In 2D, A(¢) = the circumference of the membrane.
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3. Topology
In 2D, the total curvature 1s an integer multiple of 2m, called the index or turning
number () of the curve.

2y = [.K dr,
where K 1s the curvature of the curve.
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Using the phase-field function,
1 VIVo|% Vo
= —A@ A dx

where, Q(a,b) ={x € Q| b < Pp(x) < a}

Similarly, in 3D, the Euler characteristic is a topological invariant number.
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Using the phase-field function,
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F(M) = M11My, + My M35 + My, Mgz — My, — M{5 — M3,
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Results

We formulated the constrained optimization problem using the penalty method and
solved 1t with the standard gradient flow algorithm. Here, «, 5, and y are the
required value of V'(¢), A(¢), and y(¢), respectively.

min Ep (¢)
1 1 1
= E(¢) +5 M, (A(9) - )’ + > My (V(9) - B)* + > M3 (x(¢) — y)*
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We used the second-order centered difference approximation in space and first
order forward Euler method 1n time. We 1nitialized a 2D domain with two circles
and 1nitially solved the problem without the topological constraint; the two circles
merge 1nto one. The topological constraint, on the other hand, prevents the
merging. For the simulation, we used a = 5.71, = 10.265, and y = 1.8991.The

Initial Condition Equilibirum shape with the topological constraint

60 r 1 60 F

50 r 50_

20

10_ - 10_

10 20 30 40 50 60 10 20 30 40 50 60

Equilibirum shape with the topological constraint

60 -
50

40 -

20

O
(O

10

10 20 30 40 50 60

References

Du, Q., Liu, C., & Wang, X. (2004). A phase field approach in the numerical study of the elastic bending energy
450-468.

for vesicle membranes. Journal of
https://do1.org/10.1016/7.3¢cp.2004.01.029

Computational Physics, 198(2),

Du, Q., Liu, C., & Wang, X. (2005). Retrieving topological information for Phase Field Models. SIAM Journal

on Applied Mathematics, 65(6), 1913—1932. https://do1.org/10.1137/040606417



	Slide Number 1

